Introduction
Functionally graded materials are the outcome of the need to accommodate materials exposure to nonuniform service requirements. Those materials are characterized by continuously varying properties due to continuous change in microstructural details over defined geometrical orientations and distances, such as composition, morphology, and crystal structure. The material gradation may be either continuous or layered comprised, for example, of gradients of ceramics and metals. In applications involving severe thermal gradients ͑e.g., thermal protection systems͒, functionally graded material systems take advantage of heat and corrosion resistance typical of ceramics, and mechanical strength and toughness typical of metals. Other relevant applications of functionally graded materials involve polymers ͓͑1͔͒, biomedical systems ͓͑2͔͒, natural composites ͓͑3͔͒, and thermoelectric devices for energy conversion ͓͑4͔͒. Various thermomechanical problems associated to functionally graded materials have been studied, for example, constitutive modeling ͓͑5-7͔͒, higher order theory ͓͑8͔͒, thermal stresses ͓͑9,10͔͒, static and dynamic response of plates ͓͑11͔͒, yield stress gradient effect ͓͑12͔͒, strain gradient theory ͓͑13͔͒, fracture behavior ͓͑14-16͔͒, and statistical model for brittle fracture ͓͑17͔͒.
The antiplane shear crack problem has been extensively studied in the literature as it provides the basis for understanding the opening mode crack problem. Several numerical and analytical/ semi-analytical solutions have been presented considering homogeneous materials ͑e.g., ͓18,19͔͒, nonhomogeneous materials ͑e.g., ͓20,21͔͒, and bonded homogeneous viscoelastic layers ͓͑22͔͒. However, to the best of the authors' knowledge, there is no published analytical/semi-analytical type solution for the problem of an antiplane shear crack in viscoelastic functionally graded materials. This is the subject of this paper, which consists of applying Paulino and Jin's ͓͑23͔͒ revisited correspondence principle for viscoelastic functionally graded materials to fracture mechanics.
One of the primary application areas of functionally graded materials is high-temperature technology. Materials will exhibit creep and stress relaxation behavior at high temperatures. Viscoelasticity offers a basis for the study of phenomenological behavior of creep and stress relaxation. In this paper, viscoelastic fracture ͑stationary crack͒ of functionally graded materials is studied under antiplane shear conditions. Specifically, an infinitely long strip containing a crack parallel to the strip boundaries is investigated. The shear relaxation function of the material is assumed to take separable forms in space and time, i.e., ϭ 0 exp͑␤y/h ͒ f ͑ t ͒, where h is a length scale and f (t) is a nondimensional function of time t having either the form f ͑ t ͒ϭ ϱ / 0 ϩ͑1Ϫ ϱ / 0 ͒exp͑ Ϫt/t 0 ͒: linear standard solid or f ͑ t ͒ϭ͑ t 0 /t ͒ q : power-law material.
We also consider the following variant form of the power-law material model
in which the relaxation time depends on the Cartesian coordinate y exponentially. In the above expressions, the parameters ␤, 0 , ϱ , t 0 ; ␦, q are material constants. An elastic crack problem is first solved and the ''correspondence principle'' is used to obtain the stress intensity factor for the viscoelastic functionally graded material. This manuscript is organized as follows. The next section presents the basic equations of viscoelasticity theory of functionally graded materials, which are the basis for this study. Then the correspondence principle is revisited and recast in the form recently given by Paulino and Jin ͓23͔, followed by a discussion of relaxation functions with separable forms. Next, the antiplane shear problem is formulated together with an integral equation solution approach for a crack in a viscoelastic functionally graded material strip. Formulas for stress intensity factors ͑as a function 1 To whom correspondence should be addressed. Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF APPLIED MECHANICS. Manuscript received by the ASME Applied Mechanics Division, Feb. 24, 2000; final revision, July 13, 2000. Associate Editor: M.-J. Pindera. Discussion on the paper should be addressed to the Editor, Professor Lewis T. Wheeler, Department of Mechanical Engineering, University of Houston, Houston, TX 77204-4792, and will be accepted until four months after final publication of the paper itself in the ASME JOURNAL OF APPLIED MECHANICS. of geometry, material constants, and loading͒ are derived considering both Heaviside step function loading and exponentially decaying or increasing loading. Afterwards, the recovery of the displacement field is carried out and applied to obtain the actual crack profile. Several results for the above problem are presented and discussed. Finally, conclusions are inferred and extensions of this work are pointed out. An Appendix, showing the integral equation kernel derivation, supplements the paper.
Basic Equations
The basic equations of quasi-static viscoelasticity of functionally graded materials are the equilibrium equation
the strain-displacement relationship
and the viscoelastic constitutive law
with 
Correspondence Principle Revisited
In general, the correspondence principle of homogeneous viscoelasticity theory does not hold for functionally graded materials. However, for a class of functionally graded materials with relaxation functions of the form 
where t (x) and t K (x) are the relaxation times in shear and bulk muduli, respectively, and q is a material constant. Particular instances of the above models for graded viscoelastic materials may be obtained such that assumption ͑5͒ is satisfied. Thus the discussion below indicates the type of revision needed in the general viscoelastic models so that the correspondence principle still holds.
• Standard linear solid ͑6͒. If the relaxation times t and t K are constants, if e (x) and ϱ (x) have the same functional form, and if K e (x) and K ϱ (x) also have the same functional form, then the model ͑6͒ satisfies assumption ͑5͒.
• Power-law model ͑7͒. If the relaxation times t and t K are independent of spatial position in model ͑7͒, then assumption ͑5͒ is readily satisfied. Moreover, even if the relaxation times depend on the spatial position in model ͑7͒, then the corresponding nonhomogeneous elastic material has the properties
rather than ϭ e (x) and KϭK e (x). Thus assumption ͑5͒ is satisfied again.
Viscoelastic Antiplane Shear Problem
Under antiplane shear conditions, the only nonvanishing field variables are
with xϭ(x 1 ,x 2 )ϭ(x,y). Here new notations for the nonvanishing displacement, stresses, and strains are used for the sake of simplicity. The basic equations of mechanics satisfied by these variables are
In the present study, the following three material models are employed. The first is the standard linear solid ͑see ͑6͒͒ with constant relaxation time (12) where ␤, 0 , ϱ , and t 0 are material constants and h is a length scale. The second model is a power-law material ͑see ͑7͒͒ with constant relaxation time
The third model is also a power-law material ͑see ͑7͒͒, but with position-dependent relaxation time
where ␦ and q are material constants.
Relaxation Functions With Separable Forms
The present discussion is based on the main argument that the functional form of the chosen relaxation function͑s͒ is appropriate if the basic constitutents of the functionally graded material have
Journal of Applied Mechanics
MARCH 2001, Vol. 68 Õ 285 approximately the same relaxation pattern. Thus this argument indicates the need for an approach integrating mechanics modeling, material properties experiments, and synthesis ͑see ͓25͔ for a review of fabrication processes for functionally graded materials͒. This point is elaborated upon below. It can be seen in ͑12͒, ͑13͒, and ͑14͒ that the relaxation moduli are separable functions in space and time. This is necessary for the revisited correspondence principle ͑see Section 3͒ to be applied ͓͑23͔͒. This kind of relaxation functions may be appropriate for a functionally graded material with its constituent materials having the same time-dependence of shear modulus. For model ͑12͒, this means that the constituents should have the same ratio ϱ / 0 and relaxation time t 0 . For model ͑13͒, this implies that the constituents should have the same relaxation time t 0 and parameter q. For model ͑14͒, however, it is only required that the constituents have the same parameter q. The constituents may have different relaxation times. Potentially, this kind of functionally graded materials may include some polymeric/polymeric materials such as Propylene-homopolymer/Acetal-copolymer. The relaxation behavior of Propylene homopolymer and Acetal copolymer are found to be similar-see Figs. 7.5 and 10.3, respectively, of Ogorkiewicz ͓26͔.
Another argument potentially in favor of the selected class of relaxation functions ͑5͒ is the technique developed by Lambros et al. ͓27͔ for fabricating large scale polymeric functionally graded materials. The technique consists of generating a continuously inhomogeneous property variation by selective ultraviolet irradiation of a polyethylene carbon monoxide copolymer. Due to the fact that the functionally graded material is obtained by controlling ultraviolet irradiation time of the same base polymer, we conjecture that the viscoelastic behavior of such material may be predicted by ͑5͒. However, further experimental research needs to be done in order to validate or invalidate the present conjecture.
Mode III Crack in a Functionally Graded Material Strip
Consider an infinite nonhomogeneous viscoelastic strip containing a central crack of length 2a, as shown in Fig. 1 . The strip is fixed along the lower boundary (yϭϪh) and is displaced w(t) ϭw 0 W(t) along the upper boundary (yϭh), where w 0 is a constant and W(t) is a nondimensional function of time t. It is supposed that the crack lies on the x-axis, from Ϫa to a, and is of infinite extent in the z-direction ͑normal to the x-y plane͒. The crack surfaces remain traction-free. The boundary conditions of the crack problem, therefore, are
According to the correspondence principle ͑see Section 3͒, one can first consider a nonhomogeneous elastic material with the shear modulus ϭ 0 exp͑␤y/h ͒,
and the viscoelastic solutions for models ͑12͒ and ͑13͒ may be obtained by the correspondence principle. For the material model ͑14͒ the viscoelastic solution can still be obtained by the correspondence principle provided that the corresponding elastic material has the shear modulus ϭ 0 exp͓(␤ϩq␦)y/h͔ ͑cf. ͑5͒ and ͑14͒͒.
For the elastic crack problem, the solution consists of a regular solution ͑for an uncracked strip͒
and a perturbed solution ͑by the crack͒ satisfying the following boundary conditions:
The governing differential equation of w(x,y) for the nonhomogeneous elastic material ͑20͒ is
By using the Fourier transform method ͑see, for example, ͓28͔͒, the boundary value problem described by Eqs. ͑23͒ to ͑27͒ can be reduced to the following singular integral equation ͑see Appendix͒:
where the unknown density function (r) is given by
the nondimensional coordinates r and s are
respectively, and the Fredholm kernel k(r,s,␤) is
with P(x,xЈ,␤) being given by
P͑x,xЈ,,␤ ͒ϭ͓͑ ͱ͑␤/h͒ 2 ϩ4 Here, the notation ͑1,␤͒ is adopted to emphasize the dependence of ͑1͒ on ␤.
Stress Intensity Factors
The stress intensity factors for viscoelastic functionally graded materials satisfying ͑5͒ can be obtained using the correspondence principle between the elastic and the Laplace transformed viscoelastic equations. Thus, formulas for stress intensity factors are derived first for general time-dependent loading, and then the results obtained are particularized for exponentially decaying or increasing loading and Heaviside step function loading.
As stated above, for nonhomogeneous viscoelastic materials, the Mode III stress intensity factor, K III , can be obtained by means of the correspondence principle ͑see Section 3͒. The upper boundary yϭh of the strip is subjected to an antiplane displacement w 0 W(t), as illustrated by Fig. 1 . In this case, the stress intensity factors for material models ͑12͒, ͑13͒, and ͑14͒ will be
and
respectively, where p is the Laplace transform variable, L Ϫ1 represents the inverse Laplace transform, W (p) is the Laplace transform of W(t), and ⌫͑•͒ is the Gamma function.
Stress Intensity Factors for Exponentially Decaying or Rising Loading. Consider as an example
where t L is a constant measuring the time variation of the load. Note that t L Ͼ0 represents an exponentially decaying load, while t L Ͻ0 corresponds to an exponentially rising load. This kind of time-dependent loading has been used by Broberg ͓29͔. The stress intensity factors under the loading condition ͑38͒ then become
where (40) for the standard linear solid ͑12͒, and
for the power-law model ͑13͒.
For the power-law material with position-dependent relaxation time ͑14͒, the stress intensity factor is
where F(t) is given in ͑41͒.
Stress Intensity Factors for Heaviside
Step Function Loading. For the Heaviside loading conditions,
where H(t) is the Heaviside step function. The stress intensity factors then become ͑cf. ͑39͒͒
where F(t) is given by
for the linear standard solid ͑12͒, and
for the power-law model ͑13͒. Finally, the stress intensity factor for the power-law material with position-dependent relaxation time ͑14͒ is given by ͑cf. ͑42͒͒
where F(t) is provided in ͑45͒. It is seen that q and ␦ ͑parameters describing the position dependence of the relaxation time͒ affect the stress intensity factor only through the combined parameter (␤ϩq␦).
Crack Displacement Profile
Accurate representation of the crack profile is relevant in fracture mechanics, especially when the crack-surface displacement is measured experimentally and correlated with results obtained by numerical methods. Thus the crack displacement profile for the problem illustrated in Fig. 1 is recovered in this section. First, general time-dependent loading is considered, and then the formulation is particularized for the Heaviside step function loading and the exponentially decaying or rising loading.
It follows from Eqs. ͑29͒ and ͑33͒, and the correspondence principle, that the crack-sliding displacement under the timedependent loading, w 0 W(t), can be expressed by the density function (x) or (r) ͑normalized by w 0 /h͒ as follows:
The displacement at the upper surface of the crack is given by
where
Note that the displacements are not symmetric with respect to ␤ ͑see Fig. 1͒ , however, the stress intensity factors are ͑cf. ͑28͒ and ͑32͒͒. The displacement at the lower crack surface is then given by
In expressions ͑46͒ and ͑47͒, W(t) is given in ͑38͒ for the exponentially decaying or rising load. For the Heaviside step function load, W(t) is given by ͑43͒.
Numerical Aspects
To obtain the numerical solution of integral Eq. ͑28͒, (r) is expanded into a series of Chebyshev polynomials of the first kind. By noting the relationship ͑33͒ between (r) and (r), (r) is expressed as follows ͑Erdogan et al. ͓28͔͒:
where T n (r) are Chebyshev polynomials of the first kind and a n are unknown constants. By substituting the above equation into integral Eq. ͑28͒, we have
where U nϪ1 (r) are Chebyshev polynomials of the second kind and H n (r) are given by
To solve the functional Eq. ͑51͒, the series on the left side is first truncated at the Nth term. A collocation technique is then used and the collocation points, r i , are chosen as the roots of the Chebyshev polynomials of the first kind
The functional Eq. ͑51͒ is then reduced to a linear algebraic equation system
After a n (nϭ1,2, . . . ,N) are determined, the nondimensional stress intensity factor, Ϫ͑1,␤͒, is computed as follows:
In the following numerical calculations, it is found that 20 collocation points lead to a convergent stress intensity factor result.
It is known from (39) that the stress intensity factor is a multiplification of three parts. The first term is a dimensional base, 0 (w 0 /2h)ͱa, the second term is a geometrical and material nonhomogeneity correction factor, Ϫ(1,␤), which can be obtained from the numerical solution of singular integral Eq. (28), and the third term is the time evolution of stress intensity factor, F(t), which is obtained analytically from the inverse Laplace transform.
Note that, according to Fig. 1 , the crack is located at midheight of the material strip and the origin of the coordinate system (x,y) is located at the center of the crack. Such choice of reference system introduces certain symmetries in the solution, which are discussed in the examples below.
Results
Numerical results for stress intensity factors are first obtained for a homogeneous elastic strip ͑see Fig. 1͒ . According to Table 1 , the stress intensity factors are found in good agreement with those reported in the literature, e.g., the handbook by Tada et al. ͓30͔. Furthermore, for a homogeneous viscoelastic strip, it is evident that the stress intensity factor is given by ͑39͒ with ␤ϭ0 and F(t) is given by ͑40͒ and ͑41͒ for the exponentially decaying or rising loading, and by ͑44͒ and ͑45͒ for the Heaviside step function loading. Note that the function F(t) is not related to the nonhomogeneous material parameter ␤. Figure 2 shows normalized stress intensity factor ͑see ͑39͒͒, Ϫ͑1,␤͒, versus the nonhomogeneous parameter ␤ considering various strip thicknesses h/a for the linear standard solid ͑12͒ and the power-law model with constant relaxation time ͑13͒. Note that although the relaxation times are different for both models ͑cf. Eqs. ͑40͒ and ͑41͒, or Eqs. ͑44͒ and ͑45͒͒, they do have the same solution Ϫ͑1,␤͒ ͑see Section 5͒. The stress intensity factor decreases with increasing ͉␤͉ for all thickness cases (h/a) considered. The stress intensity factor is lower than that of the corresponding homogeneous material ͑␤ϭ0͒. It is noted that the stress intensity factor is an even function of ␤. However, this symmetry is valid only for the crack located in the center of the strip. Figure 3 shows normalized stress intensity factor ͑see ͑42͒͒, Ϫ(1,␤ϩq␦͒, versus the nonhomogeneous parameter ␤ for various strip thicknesses h/a and three ␦ values for the power-law model with position-dependent relaxation time ͑14͒. The effect of spatial position dependence of the relaxation time on the stress intensity factor is reflected through the parameter ␦. The parameter q is taken as 0.4 in all calculations. Thus the curves for ␦ϭϮ1 may be obtained from the curve ␦ϭ0 by shifting this curve by ␤ϭϯ0.4. It is clear from Fig. 3 that with respect to the corresponding model with constant relaxation time ͑i.e., ␦ϭ0͒, a positive ␦ lowers the stress intensity factor when ␤Ͼ0 and increases the stress intensity factor for ␤ less than Ϫ0.5q␦. A negative ␦ lowers the stress intensity factor when ␤Ͻ0 and increases the stress intensity factor for ␤ larger than 0.5q␦. Figure 4 illustrates the time evolution of normalized stress intensity factors, F(t), considering both Heaviside step function loading and exponentially decaying or rising loading for the standard linear solid ͑see ͑40͒ and ͑44͒͒ and the power-law material ͑see ͑41͒ and ͑45͒͒. The ratio ϱ / 0 is taken as 0.5 in all subsequent calculations for the standard linear solid. It is evident that under the fixed displacement condition, stress intensity factor decreases monotonically with increasing time for Heaviside step function loading and exponentially decaying loading ͑Figs. 4͑a͒ and 4͑b͒͒. For exponentially rising loading, however, the stress intensity factors will increase with time for longer times ͑Figs. 4͑c͒ and 4͑d͒͒. By observing the plots in Figs. 4͑a͒ and 4͑b͒, one notices that, for exponentially decaying loading, the stress intensity factor can become negative as the ratio t L /t 0 decreases, which occurs, for example, for t L /t 0 ϭ1.0. This happens because of stress relaxation for long-time behavior. Note that a negative stress intensity factor does not imply crack closure because it is crack. Thus, in the present study, a negative stress intensity factor is allowed without violating the crack face traction free condition. The crack faces do not close, they just slide in the opposite direction. Figure 5 illustrates the normalized stress intensity factors ͑nor-malized by 0 (w 0 /2h)ͱa͒ versus time for Heaviside step function loading considering the following viscoelastic material models: standard linear solid ͑see ͑39͒ and ͑44͒͒, power law material ͑see ͑39͒ and ͑45͒͒, and power-law material with position-dependent relaxation time ͑see ͑42͒ and ͑45͒͒. A finite thickness strip with h/aϭ2.0 ͑Fig. 1͒ is considered. Note that, for all the models, the stress intensity factors decrease monotonically with increasing time. The first two models are investigated for the nonhomogeneous parameter ␤ϭ0, 1, 2 with ␤ϭ0 corresponding to the homogeneous material case. Due to the symmetry of stress intensity factor about ␤, the stress intensity factor for ␤ϭϪ1, Ϫ2 are identical to those for ␤ϭ1, 2, respectively. Moreover, the stress intensity factor decreases with increasing ͉␤͉. The last model is investigated for ␤ϭ2 and ␦ϭϪ1,0,1 with ␦ϭ0 corresponding to position-independent relaxation time. For this special case, the stress intensity factor decreases with increasing ␦. This is because ␤ϩq␦ is positive for the ␤ and ␦ values considered. Figure 6 illustrates the normalized stress intensity factors ͑nor-malized by 0 (w 0 /2h)ͱa͒ versus time for exponentially decaying loading considering the following models: standard linear solid ͑see ͑39͒ and ͑40͒͒, power-law material ͑see ͑39͒ and ͑41͒͒, and power-law material with position-dependent relaxation time ͑see ͑42͒ and ͑41͒͒. The same qualitative observations for Figure 8 shows crack profiles for the Heaviside step function loading considering the standard linear solid and the power law material with position-dependent relaxation time ͑see ͑46͒, ͑47͒, and ͑49͒͒. A finite thickness strip geometry with h/aϭ2 ͑Fig. 1͒ is considered. The former model ͑Fig. 8͑a͒͒ is investigated for the nonhomogeneity parameter ␤ϭ0, 1, 2 with ␤ϭ0 corresponding to the homogeneous material case. The latter model ͑Fig. 8͑b͒͒ is investigated for ␤ϭ2 and ␦ϭϪ1, 0, 1 with ␦ϭ0 corresponding to position-independent relaxation time. Figure 9 shows crack profiles for the exponentially decaying loading considering the standard linear solid and the power-law material with position-dependent relaxation time ͑see ͑46͒, ͑47͒, and ͑49͒͒. As before, a finite thickness strip geometry with h/a ϭ2 ͑Fig. 1͒ is considered. The former model ͑Fig. 9͑a͒͒ is investigated for the nonhomogeneity parameter ␤ϭ2 and t/t 0 ϭ1, 2, 3. The latter model ͑Fig. 9͑b͒͒ is investigated for ␤ϭ2, ␦ϭ1, and t/t 0 ϭ1, 2, 3. A comparison of all the plots in Figs. 8 and 9 permits to evaluate the corresponding crack profiles for various material models and various parameters. This information is potentially valuable when correlated with fracture experiments, e.g., crack-sliding displacement measurements. Fig. 4 Time variation of normalized Mode III stress intensity factor "a… standard linear solid "decaying loading…; "b… power-law material "decaying loading…; "c… standard linear solid "rising loading…; "d… powerlaw material "rising load…
Concluding Remarks and Extensions
This paper illustrates an application of Paulino and Jin's ͓23͔ revisited correspondence principle to fracture mechanics of viscoelastic functionally graded materials. An effective integral equation method for antiplane shear cracking in viscoelastic functionally graded materials is presented. The elastic functionally graded material crack problem is solved and the correspondence principle between the elastic and the Laplace transformed viscoelastic equations is used to obtain stress intensity factors for viscoelastic functionally graded materials. Formulas for stress intensity factors and crack displacement profiles are provided. Several numerical results for these quantities are presented considering various viscoelastic material models ͑e.g., standard linear solid, power-law model with both position-independent and position-dependent relaxation time͒ and loading conditions. It is important to remark that the solution of the fracture mechanics problem with prescribed displacement ͑see Fig. 1͒ is different from the solution with prescribed traction ͑cf. Erdogan ͓15,20͔͒. This work offers promising avenues for further extension. For instance, it may be used to calibrate numerical methods ͑e.g., finite element method and boundary element method͒ for viscoelastic functionally graded materials. Moreover, the discussion on relaxation functions of separable forms in space and time ͑Sec-tion 5͒ indicates the need for micromechanics models for viscoelastic behavior. Other relevant topics associated with this work also deserve further investigation. Such topics include: ͑a͒ investigation of antiplane shear cracking in bonded viscoelastic layers where one of the layers is a functionally graded material; ͑b͒ extension of the antiplane shear crack model to Mode I cracks. These topics are presently being pursued by the authors. 
where A 1 , A 2 , B 1 , and B 2 are unknowns, and m is mϵm͑ ͒ϭͱ␤ 2 ϩ4h 2 2 .
The stress y is obtained from ͑56͒ by Hooke's law, 
By using the boundary conditions ͑23͒ to ͑26͒, the unknowns A 2 , B 1 , and B 2 can be expressed by A 1 which is given by
where (x) is the density function defined by ͑x ͒ϭ ‫ץ‬ ‫ץ‬x ͓w͑ x,0 ϩ ͒Ϫw͑ x,0 Ϫ ͔͒.
Further, the stress y at yϭ0 is expressed by (x) as where k(x,xЈ,␤) is given in ͑31͒. By substituting the above expression into the boundary condition ͑24͒, the integral Eq. ͑28͒ is deduced.
